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EXAMPLES OF NON INTEGER DIMENSIONAL
GEOMETRIES
R. TRINCHERO
Abstrat. Two examples of spetral triples with non-integer dimen-
sion spetrum are onsidered. These triples involve ommutative C⋆-
algebras. The rst example has omplex dimension spetrum and trivial
dierential algebra. The other is a parameter dependent deformation of
the anonial spetral triple over S1. Its dimension spetrum inludes
real non-integer values. It has a non-trivial dierential algebra and in
ontrast with the one dimensional ase there are no junk forms for a non-
vanishing deformation parameter. The distane on this spae depends
non-trivially on this parameter.
1. Introdution
The dimension of a spae is a basi onept of partiular relevane both
in nature and in mathematis. Non-ommutative geometry
1
provides a gen-
eralization of lassial geometry. It is the objet of this work to study some
examples of non-lassial geometrial objets within this framework. In par-
tiular, examples where the non-ommutative analog of dimension for the
orresponding spaes an take non-integer values are dealt with. The study
of these geometries ontributes both to the implementation of physial ideas
in these spaes and to the exploration in onrete examples of the basi
onepts in non-ommutative geometry.
In the realm of quantum eld theory, the widely employed dimensional
regularization tehnique[2℄ provides a hint that suh non-integer dimensional
spaes ould be of relevane in physis. This study intends to go a step
further in realizing those spaes as onrete geometrial objets. In the eld
theoreti setting a desirable outome in the diretion of the ideas mentioned
above would be, for example, to obtain an implementation of dimensional
regularization at a Lagrangian level, or, in a more general setting, to really
onsider the possibility that physial spae is non-integer dimensional.
The general piture of non-ommutative geometry shows that there are
many ways to onstrut spaes with non integer dimensions. In this work we
look for, so to say, the simplest and easiest to treat examples of suh spaes.
A rst step in this diretion is to realize that it is possible to get non-integer
dimensional geometries even when the underlying C⋆-algebra of the spetral
triple is ommutative. The examples presented below are of this kind.
1
The reader is referred to [1℄ for an aount of this theory.
1
2 R. TRINCHERO
The generalization of the onept of dimension in non-ommutative geom-
etry is provided by the Connes-Mosovii denition of dimension spetrum[3℄.
Setion 2 presents an example with omplex dimension spetrum but triv-
ial dierential algebra. It an be onsidered as a simple example foused
on getting a non-trivial dimension spetrum. Setion 3 presents a defor-
mation of the anonial spetral triple
2
whose dimension spetrum inludes
real non-integer values. The main results for this last example obtained in
this work are related to junk forms and distane. As mentioned in the ab-
strat, no junk forms appear for non-vanishing values of the deformation
parameter α. This fat leads to a dierential algebra whih involves forms
of arbitrary degree and is neither anti-ommutative nor ommutative. This
situation may be ompared with the anonial ase where junk forms play a
ruial role in getting the usual dierential algebra. This important quali-
tative dierene between the integer dimensional ase and the deformed one
is, in a ertain vague sense, analog to the absene of poles in dimensionally
regularized Feynman integrals.
Regarding distane, this turns out to be a funtion of the oordinates and
α. This funtion involves a Γ(ε)(ε = 1 − α) whih does not ome, as in
dimensional regularization, from an analytial ontinuation of the fatorial
appearing in the solid angle integral. In fat, there is no solid angle involved
sine we start from a support spae for the ommutative C⋆-algebra in the
spetral triple whih is one dimensional.
2. Example with omplex dimension spetrum.
2.1. General setting. Here we deal with the triple (A,H, D) where,
2.1.1. Algebra. A is the ⋆-algebra generated by 1, a, a¯ with the following
multipliation rules,
(1) 1 · a = a · 1 = 1 , 1 · a¯ = a¯ · 1 = 1 , a · a¯ = a¯ · a
where the star struture is given by,
(2) a⋆ = a¯ .1⋆ = 1
This algebra is isomorphi to the one of polynomials in a omplex variable z
and its omplex onjugate z¯. The norm for this algebra will be given below
in terms of a representation in a Hilbert spae H.
2.1.2. Hilbert spae. H = L2(S1AP ) = square integrable anti-periodi funtions on S
1
, thus
3
,
(3) ψ(x), 0 ≤ x ≤ 2π ∈ H ⇒ ψ(x) = −ψ(x+ 2π)
2
The ontents of setion 2 and subsetions 3.1 and 3.2 appeared rst in referene [4℄.
3
This spae an be identied with the one of square integrable setions of the assoiated
spinor bundle orresponding to the anti-periodi spin struture over S1.
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with the salar produt given by,
(4) < ψ|ϕ >=
1
2π
∫ 2π
0
ψ⋆(x)ϕ(x)
a basis for this Hilbert spae is given by the funtions,
(5) < x|k >= ei(k+1/2)x , k ∈ Z
this basis is orthonormal,
< k|m > =
∫
x
< k|x >< x|m >=
1
2π
∫ 2π
0
dx e−i(k+1/2)x ei(m+1/2)x
= δkm(6)
2.1.3. Representation of A in H. The following representation π : A → H
is onsidered,
(7) π(a) =
∑
k
|k + 1/2|ε|k >< k|, ε ∈ C, |ε| < 1, ℜe(ε) > 0
this denition has the property,
(8) π(an) = π(a)n
the representant of the star element is dened by,
(9) π(a¯) = π(a)† =
∑
k
|k + 1/2|ε¯ |k >< k|
where ε¯ is the omplex onjugate of ε. The norm of the eigenvalues of π(a)
are always bounded as an be seen from the following equation,
(10) ||k + 1/2|−ε| = e−ℜe(ε)ln|k+1/2|
and the requirement that ℜe(ε) > 0. Thus the representative of any element
in the algebra is bounded. Dening the norm for the algebra in terms of the
operator norm in this representation leads to a pre-C⋆-algebra struture in
A. Next this pre-C⋆-algebra struture is ompleted to a C⋆-algebra struture
in A.
2.1.4. The Dira operator. The Dira operator is taken to be,
(11) D = −i∂
this operator is selfadjoint in H, and its resolvent is ompat. Furthermore,
(12) [D,π(a)] = 0 ,∀a ∈ A
whih is bounded. Thus the triple fullls all the properties required for it to
be a spetral triple.
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2.2. Dimension spetrum of the triple. The denition of dimension
spetrum of a spetral triple is briey reviewed. Let δ denote the deriva-
tion δ : L(H)→ L(H) dened by,
(13) δ(T ) = [|D|, T ] , T ∈ L(H)
Let B denote the algebra generated by the elements,
(14) δn(π(a)), a ⊂ A, n ≥ 0 (δ0(π(a)) = π(a))
Denition 2.1. [Connes-Mosovii℄ Disrete dimension spetrum. A spe-
tral triple has disrete dimension spetrum Sd if Sd ⊂ C is disrete and for
any element b ∈ B the funtion,
(15) ζb(z) = Tr[π(b) |D|
−z]
extends holomorphially to C/Sd.
This denition is given in the paper [3℄, where the additional assumption is
made that,
(16) A ⊂ ∩n>0Domδ
n and [D,A] ⊂ ∩n>0Domδ
n
whih learly holds for this ase sine B = Imag(δ0) = A. Thus the following
generi ζ-funtion is onsidered,
(17) ζP (a,a¯)(z) = Tr[π(P (a, a¯))| − i∂|
−z]
where P (a, a¯) is a polynomial in a and a¯ given by,
(18) P (a, a¯) =
∑
n,m∈N+0
pnm a
n a¯m
then,
ζP (a,a¯)(z) =
∑
k∈Z
< ψk|P (| − i ∂|
−ε, | − i ∂|−ε¯)|ψk > |k + 1/2|
−z
= 2
∑
k∈N+0
P (|k + 1/2|−ε, |k + 1/2|−ε¯) |k + 1/2|−z
= 2
∑
n,m∈N+0
pnm 2
z+nε+mε¯
∑
k∈N+0
|2k + 1|−nε−mε¯−z
= 2
∑
n,m∈N+0
pnm (2
z+nε+mε¯ − 1) ζR(z + nε+mε¯)(19)
where ζR(z) denotes the Riemann ζ-funtion, whih has a simple pole at
z = 1. Therefore the poles of ζP (a,a¯)(z) are loated at,
(20) z = 1− nε−mε¯ , n,m ∈ N+ 0
Eq. 20 gives the dimension spetrum for this spae. This spetrum is plotted
in Fig.1 for ε = 1 + i/2.
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Figure 1. Disrete dimension spetrum for the triple of se.
2 with ε = 1 + i/2.
3. Deformation of the anonial spetral triple on S1
3.1. General setting. Here we deal with the spetral triple (A,H, D)
where,
3.1.1. Algebra. A = F (S1) is the ommutative C∗-algebra of smooth fun-
tions over S1. This algebra an be haraterized by generators, bn , n ∈ Z
satisfying the relations,
bnbm = bn+m , b
∗
n = b−n
3.1.2. Hilbert spae. H=L2(S1AP ) is the Hilbert spae of square integrable
anti-periodi funtions over S1, basis |k > , k ∈ Z, suh that
(21) < x|k >= ei(k+1/2)x, n ∈ Z, x ∈ [0, 2π] and < l|k >= δlk
3.1.3. Representation of A in H.
(22) π(bn) =
∑
k∈Z
|k + n >< k|
3.1.4. The Dira operator. D ∈ L(H) is given by,
(23) D =
∑
k∈Z
fα(k) |k >< k|
The following onditions on the funtions fα(k) are required ,
• limα→0 fα(k) = k. This ondition ensures that in this limit the
anonial spetral triple is reovered.
• ∃C > 0 : |fα(k + n)− fα(k)| < C ∀k, n. This implies that [D,π(k)]
is bounded in L(H).
• fα(k) = fα(k)
∗
implies that D is selfadjoint.
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• limk→∞
1
fα(k)−λ
→ 0, ∀λ ∈ R implies that D has Compat resol-
vent.
The following hoie of fα(k)will be onsidered from now on,
(24) fα(k) =
(k + 1/2)ε + [(k + 1/2)ε]∗
2
where ε ∈ R, ε = 1 − α, α > 0 and the power is dened by the prinipal
branh of the logarithm, i.e.,
(25) (k + 1/2)ε = eε ln |k+1/2|+iε arg(k+1/2)
where arg(k+1/2) = 0 or π. This implies that the power in (25) is real only
for integer ε. This fat explains why the omplex onjugate is summed up
in (24). Using (25) it follows that,
(26) fα(k) =
{
|k + 1/2|ε , k ≥ 0
|k + 1/2|ε cos(πε) , k < 0
This hoie fullls all the onditions required above.
3.2. Dimension spetrum of the triple. The property (16) holds for the
hoie (24). Aording to denition 2.1 the disrete dimension spetrum is
the union of the poles in ζb(z) for any b ∈ B. Eah of suh poles an be
onsidered to desribe the dimension of a ertain piee of the whole spae. If
we take elements b in the image of δ0, i.e. b ∈ A, the following zeta funtion
is obtained,
(27) ζbn(z) = δn,0
∑
k
|fα(k)|
−z
For the hoie (24) the last equation leads to,
ζbn(z) = δn,0(
∞∑
k=0
|k + 1/2|−εz +
−∞∑
k=−1
|k + 1/2|−εz cos(πε))
= δn,0[1 + cos(πε)]
∞∑
k=0
|k + 1/2|−εz
= δn,0[1 + cos(πε))](2
εz − 1)ζR(εz)(28)
where ζR(z) denotes the Riemann zeta funtion . Thus ζbn(z) has a simple
isolated pole at,
(29) z = 1/ε
Sine we are simply searhing for a deformation of the anonial triple with
non-integer dimension we shall onentrate on this partiular piee of this
"spae".
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3.3. Dierential algebra. Basi denition,
(30) π(dbn) = [D,π(bn)] =
∑
l
[fα(l + n)− fα(l)] |l + n >< l|
We look for junk forms, i.e., forms ω suh that,
(31) π(ω) = 0 , π(dω) 6= 0
• For the ase of ω a zero form, the only solution of π(ω) = 0 is ω = 0,
and π(dω) = 0 if ω = 0. Thus in this ase there are no junk 1-forms.
• For the ase of ω a generi one form,
π(ω) = π(
∑
m,n
αmnbmdbn)
=
∑
m,n,l
αmn (fα(l + n)− fα(l)) |l +m+ n >< l|
=
∑
r,n,l
αr−n,n (fα(l + n)− fα(l)) |l + r >< l|(32)
Now the operators |r >< s| and |p >< q| are linearly independent
if r 6= p and/or s 6= q. Thus there an only be anellations in the
r.h.s. of (32) between terms with r = m+ n and l xed . Hene the
vanishing of π(ω) implies,
(33)
∑
n
v(r)n w
(l)(n) = 0 ,∀r, l
where,
(34) v(r)n = αr−n,n , w
(l)(n) = fα(l + n)− fα(l)
Next, the dierential of suh 1-form ω with π(ω) = 0 is onsidered,
π(dω) =
∑
m,n
αmn π(dbm dbn)
=
∑
m,n,k,l
αmn w
(k)(m)w(l)(n)|k +m >< k|l + n >< l|
=
∑
m,n,l
αmnw
(l+n)(m)w(l)(n)|l +m+ n >< l|
=
∑
r,n,l
αr−n,nw
(l+n)(r − n)w(l)(n)|l + r >< l|(35)
below the issue of junk forms is studied both for the anonial and the
deformed spetral triples. The following review of the anonial ase will
hopefully make learer the dierene with the deformed ase.
1. α = 0 (f0(k) = k + 1/2). Eqs. (33) and (34) leads to,
(36) 0 = π(ω) =
∑
m,n,l
αm,n n |l +m+ n >< l|
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So, the equation to solve is,
(37) 0 =
∑
n
v(r)n n = 0 ,∀r
Two ways of dealing with this equation will be onsidered:
(i) First we onsider the equation,
(38) (v,N) = 0
where N is the vetor (−N,−N +1, · · · ,−1, 0, 1, · · · , N) in a vetor
spae C
2N+1
, (, ) is the anonial salar produt in that spae and the
equation should be solved for the vetor v, i.e. we look for all vetors
orthogonal to N. Therefore, there are 2N independent solutions to
this equation, whih an be hosen to be the following,
(a) For eah I = 1, · · · , N, vI = 1 = v−I the rest zero are N
solutions.
(b) v0 = 1 the rest zero is solution.
() For I = 2, · · · , N , v1 = I = −v−1 , vI = −1 = −v−I the rest
zero are N − 1 solutions.
these are a set of 2N independent solutions, any other solution an be
expressed as a linear ombination of these ones. Thus, the solutions
for αmn are given for eah m+n = r xed in terms of the ones above
by,
(39) αr−n,n = v
(r)
n
For dierent values of r, there an orrespond dierent solutions for
v
(r)
n .
(ii) Dening v(x) by,
(40) v(r)(x) =
∑
n
v(r)n e
i(n+1/2)x , 0 ≤ x ≤ 2π
eq.(37) an be written as,
(41) − i
d
dx
(
v(r)(x) e−ix/2
)
|x=0 = 0 ∀ r
whih implies that v(r)(x)e−ix/2 an be any periodi funtion with
vanishing derivative at the origin. Note that the solutions appearing
in 1., in terms of v(x) are: (a) v(x) = 2 eix/2 cos kx , k = 1, 2, · · ·
, (b)eix/2 () v(x) = 2i eix/2 [k sin(x) − sin(kx)] k = 2, 3, · · · whose
linear ombinations generate any funtion satisfying (41).Now, for
the dierential π(dω) using (40) we obtain,
π(dω) =
∑
r,n,l
αr−n,n (r − n)n|l + r >< l|(42)
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whih in terms of v(r)(x) an be written as,
π(dω) =
∑
r
{
i
d
dx
[
e−irx − i
d
dx
(v(r)(x) e−ix/2)
]}
x=0
×
×
∑
l
|l + r >< l|(43)
the vanishing of the l.h.s. in (43) imply the vanishing of the expres-
sion between braes, whih in turn implies, due to (41), that,[
d2
dx2
(v(r)(x) e−ix/2)
]
x=0
= 0
thus sine π(ω) = 0 does not imply π(dω) = 0, there are junk forms
in this ase. Indeed one an show that any two form is a junk form
in this ase.
4
2. α 6= 0. It is shown that,
Proposition 3.1. There are no non-trivial junk 1-forms for α 6= 0.
Proof. Replaing (24) in (34) leads to,
w(l)(n) = fα(l + n)− fα(l)
=
(l + n+ 1/2)ε + [(l + n+ 1/2)ε]∗ − (l + 1/2)ε − [(l + 1/2)ε]∗
2
(48)
4
To make ontat with other approahes to this problem, the following 1-form is on-
sidered,
(44) ωm = bm dbm − dbm bm
replaing (22) for pi(bm) the following expression is obtained,
(45) pi(ωm) =
X
l
[fα(l +m)− fα(l)− fα(l + 2m) + fα(l +m)] |l + 2m >< l|
whih for the anonial ase fα(l) = l leads to pi(ωm) = 0. However,
pi(dωm) = pi(dbm)pi(dbm)
=
X
k,l
[fα(k +m)− fα(k)] [fα(l +m)− fα(l)] |k +m >< k|l +m >< l|
=
X
l
[fα(l + 2m)− fα(l +m)] [fα(l +m)− fα(l)] |l + 2m >< l|
=
X
l
m2 |l + 2m >< l|(46)
whih does not vanish. Furthermore, one an show that any two form ω an be written
as,
(47) ω =
X
n
fn wn
where fn are elements of A. Thus, leading to the result that in the anonial ase any
two form is a junk form.
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Employing the binomial expansion for the rst two terms in the last equation
leads to
w(l)(n) =
∞∑
j=1
1
j!
ε(ε− 1) · · · (ε− j)
1
2
{
[(l + 1/2)ε−j + [(l + 1/2)ε−j ]∗
}
nj
=
∞∑
j=1
1
j!
ε(ε− 1) · · · (ε− j) |l + 1/2|ε−j cos(π(ε− j))(1−sg(l))/2 nj(49)
whih is onvergent for |n/l| < 1 .
Next it is shown that,
Lemma 3.2. ∑
n
v(r)n w
(l)(n) = 0 ,∀r, l(50)
⇓∑
n
v(r)n n
m = 0 m = 1, 2, · · ·(51)
Proof. This follows from the following argument. Multiplying (49) by |l +
1/2|1−ε and taking the limit l→∞, leaves only the rst term in (49) leading
to,
(52) lim
l→∞
|l + 1/2|1−εw(l)(n) = n
thus multiplying (50) by |l + 1/2|1−ε and taking the limit implies,
(53)
∑
n
v(r)n n = 0
next multiplying (50) by |l + 1/2|2−ε, using (49) , (53) and taking the limit
l→∞ leads to,
(54)
∑
n
v(r)n n
2 = 0
ontinuing with this proedure leads to (51). 
Replaement of the binomial expansion for fα(n) in (35) and using (51)
implies
(55) π(dω) = 0
thus there are no non-trivial junk 1-forms for any of the two hoies of
fα(k). 
Similar, but lengthier, arguments lead to the absene of junk forms of any
order.
The absene of junk forms has drasti onsequenes for the onstrution of
the orresponding dierential algebra. No quotient is needed. In the anon-
ial ase this quotient leads to the vanishing of any form of degree greater
than one. In the deformed ase there are forms of arbitrary degree and,
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as an be seen from expression (32), the dierential algebra is neither anti-
ommutative nor ommutative. This onstitutes a remarkable situation sine
starting from a ommutative C⋆−algebra in the triple, the deformed hoie
of the Dira operator leads to a quite involved non-ommutative dierential
algebra.
3.4. Distane. Let A¯ denote the losure of A. A linear funtional ϕ : A¯ →
C is alled a state. The set of all states being denoted by S(A¯). The distane
d(ϕ,ψ) between two states ϕ and ψ is dened by,
(56) d(ϕ,ψ) = sup|ϕ(a)− ψ(a)|
where the supremum is taken over all elements a ∈ A¯ suh that,
(57) ‖ [D, a] ‖≤ 1
where ‖ · ‖ denotes the operator norm. The l.h.s. of (57) is given by,
(58) ‖ [D, a] ‖= supψ
|[D, a]|ψ > |
||ψ > |
The vetor whose norm appears in the r.h.s. of (58) is given by,
[D, a]|ψ > =
∑
l,m
al−m [fα(l)− fα(m)] ψm |l >(59)
where ψm denotes the Fourier omponent of |ψ >(|ψ >=
∑
m ψm|m >). The
fat that for α 6= 0 the quantity fα(l)−fα(m) does not depend only on l−m
makes the evaluation of the norm of this vetor for arbitrary |ψ > and a(x)
a non-trivial task. It is true however that,
(60) fα(l)− fα(m) = fα(l −m) +O(α)
therefore dening the following Liouville ε-derivative5(whih redues to the
usual derivative for ε = 1(α = 0) ),
(61)
dǫ
dx
g(x) = i
∑
l
gl fα(l)e
−i(l+1/2)x
(59) implies,
< x|[D, a]|ψ > =
∑
l,m
al−m f(l −m) ψm < x|l > +O(α)
= ψ(x) (−i
dǫ
dx
a(x)) +O(α)(62)
thus,
(63) ‖ [D, a] ‖= supψ
√∫
dx |ψ(x)|2 | d
ǫ
dxa(x)|
2∫
dx |ψ(x)|2
+O(α)
5
This denition is an example of what is known in the literature as frational derivative.
See for example ref. [5℄ for an overview of the subjet.
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hene ondition (57) implies,
(64) |
dǫ
dx
a(x)| ≤ 1 +O(α) ∀x
Example 3.3. (i) The anonial triple[1℄ over S1.
In this ase fα(l) = l and the ε-derivative redues to the usual derivative.
Thus (57) leads to,
(65) |
d
dx
a(x)| ≤ 1 ∀x
This last inequality implies that the funtions a(x) over whih the supremun
is taken are Lipshitz, i.e. , they satisfy
6
,
(69) |a(x1)− a(x0)| ≤ |x1 − x0|
Next onsider the state δx0 dened by,
(70) δx0(a(x)) = a(x0)
the distane between the two states δx1 and δx0 is, aording to (56),
(71) d(δx1 , δx0) = sup|δx1(a)− δx0(a)| = sup|a(x1)− a(x0)|
thus (69) implies,
(72) d(δx1 , δx0) ≤ |x1 − x0|
On the other hand, onsider the distane funtion to a xed point x0 ,
(73) dx0(x) = |x− x0|
whih is learly a funtion satisfying,
(74) ‖ [D, dx0 ] ‖≤ 1
thus, it is lear that,
(75) d(δx1 , δx0) ≥ |dx0(x1)− dx0(x0)| = |x1 − x0|
hene, (72) and (75) imply that,
(76) d(δx1 , δx0) = |x1 − x0|
(ii) α 6= 0
6
To see this note that (65) implies
(66)
Z x1
x0
dx |
d
dx
a(x)| ≤ x1 − x0 , x1 > x0
noting that,
(67)
˛˛
˛˛Z x1
x0
dx
d
dx
a(x)
˛˛
˛˛ ≤
Z x1
x0
dx |
d
dx
a(x)|
eq. (69) is obtained, i.e.,
(68)
˛˛
˛˛Z x1
x0
dx
d
dx
a(x)
˛˛
˛˛ = |a(x1)− a(x0)| ≤ |x1 − x0|
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In what follows we neglet the O(α) orretions in (64). It turns out to
be onvenient to dene the following kernel
7
,
d−ε(x− y) = lim
η→0
∑
l
1
2 cos(πε)
{
[−(l + 1/2− iη)]−ε + c.c.
}
e−i(l+1/2)(x−y)
= lim
η→0
∑
l
|l + 1/2− iη|−ε [cos(πε)]
sg(l)−1
2 e−i(l+1/2)(x−y)
=
1
2 cos(πε)
|x|ε−1
Γ(ε)
ei
π
2
εsg(x)
(77)
whih has the following useful property,∫ π
−π
dy d−ε(x− y)
dε
dy
a(y). = a(x)
and onsider the following operator,
Dαβ−εg(x) =
1
2π
∫ π
−π
dy |d−ε(β − y)− d−ε(α− y)| g(y)
whih is hosen to produe the following result,
Dαβ−ε|
dε
dx
a(x)| =
1
2π
∫ π
−π
dy |d−ε(β − y)− d−ε(α− y)
dε
dy
a(y)|
≥ |
1
2π
∫ π
−π
dy (d−ε(β − y)− d−ε(α− y))
dε
dy
a(y)|
= |a(β) − a(α)|
therefore applying the operator Dαβ−εto both sides of (64) implies,
|a(β)− a(α)| ≤ Dαβ−ε1
it is not diult to see that (77) implies that Dαβ−ε1 depends only of |β −α|,
i.e.,
Dαβ−ε1 =
D−ε(|β − α|)
2π
Using the last equality in (77) leads to the following expression for D−ε(x)
in,
D−ε(x) = F(ε)
{
C(ε)|x|ε +
1
ε
[(π + x)ε + (π − x)ε − 2πε]
}
7
The last equality in eq.(77) is obtained replaing in the r.h.s. of the rst equality the
following integral representation of the frational power of l + 1/2− iη,
(l + 1/2− iη)−ε =
iε
Γ(ε)
Z
∞
0
dτ τ ε−1 e−i(l+1/2−iη)τ
Note the role played by the parameter η for the onvergene of the integral in the r.h.s.
of the last equation.
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where,
F(ε) = |2Γ(ε) cos(πε)|−1
C(ε) =
∫ 1
0
dy
{
|1− y|ε−1 + |y|ε−1 − 2|1 − y|ε−1 |y|ε−1 cos(πε)
}
for the ase ε = 1 these expressions give F(1) = 1/2 and C(1) = 2 thus
leading to the usual result, D−1(x) = |x|.
To obtain the distane funtion one repeats the argument between eqs.
(69) and (76) obtaining,
d(δx1 , δx0) =
D−ε(|x1 − x0|)
2π
In Fig. 2,3 and 4 the funtion D−ε(x) is plotted for ε = 1, 0.9 and 0.8
respetively. Aording to subsetion 3.2 these values of ε orrespond to
spaes with dimension d = 1/ε = 1, 1.111 · · · , 1.25. Inluding the O(α)
orretions to (64) would produe orretions of O(α2) to D−ε(x).
4. Outlook
The results presented in this work may be onsidered as rst steps in
investigating these geometries. Many additional issues deserve to be stud-
ied. Some of them are: integration, operatorial struture of the dierential
algebra, metri volume element, gauge theories ....
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Figure 2. Distane for a spae of dimension d = 1.
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Figure 4. Distane for a spae of dimension d = 1.25.
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